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1 Linear kinetic model

1.1 Principle of linear kinetic model

1.a Particle distribution functions
The plasma distribution functions for each species @ , fu(7,7,t¢) depend on
the particle position and velocity. For each species O , the mass is ma« and the
charge g .
The integral of f« on distribution velocity is the density of the species @ :

no(7,0)=[ &% (7,7 1)

The first velocity distribution moment gives the local average velocity :

GulF )=y L5
The second veI00|ty dlstrlbutlon moment corresponds to the thermal velocity :
Va7, 1)= fdv Fa)) ful7.7 1)

The temperature is deduced fromiit :
kT (7, t)zmav;a
The integration of the kinetic energy along the 3 directions gives :

[ VL m (=T )P LB )=k, T (70

n(r t)

1.b Vlasov Equation

In order to establish the dynamics, we establish the analogy with the continuity
equation for density. The conservation of matter implies that the time particle

derivative d, of the integrated density on any volume ¥ verifies :

d,| d&7n,(7.1)=0

This property is expressed locally by :
0,n,+0,7. V: n,=0

So:
0,n,+v .ﬁ;nazo

For the species distribution function, the mass conservation property, is written :
d,fVFV_Vd37d3vfa(7,§, t)=0

The differential expression ( dt:at+at?'v7+ati;‘v_>{5 )is :

0,f 0,7 N fu+8,5. V5 f,=0
So:

-

0,/ V; fo+d. Vs f,=0 (1.1)
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Where a is the particle acceleration due to electromagnetic forces :
=< (YAB.+E)
mOL
This is the Vlasov equation. It assumes the absence of collisions and external
sources of particles, by ionization, recombination or any chemical reactions.

The Vlasov equation is sufficient to describe the system dynamics.

1.c Poisson equation

We assume the electrostatic approximation: the magnetic field is imposed from the
outside sources. The electric field derives from the plasma potential :

E=—Vyg
Using the Vlasov equation, it is possible to determine the distribution of each

species as a function of the electric field. In order to determine the electric field, we
use Poisson equation:

V.E=g Y q.f dvfu7.5,0) (1.2)

1.d Perturbative description

The plasma instabilities are studied with a perturbation method applied on an initial
stable state.

The initial state is described by the distributions f,, and the electric potential
®o . The perturbation is described by the perturbation on the distribution function
superimposed on this initial state, f,, , and on the potential 1 .

fa(?’i;’ t):fOOL(;;’i;’ t)+fl(x(?’§’t)
(9(71 Z):CP()(?’ t)"'(Pl(?’ t)
This perturbation is described by a space and time Fourier mode, mainly along the
direction é'y , orthogonal to the density and potential gradients (along €, ) and the

magnetic field direction €, ) The perturbation may also a component parallel to the
magnetic field.

floc(;;: i;, t):fa(ié’ (D)ei(kyy"'kzz_(l)l‘)
o (7,1)=¢, (7&) (D)e"(kyﬁkzz—cot)

The fluctuation amplitude is assumed to be small compared to the initial state :

V1) < 0al7,7,2))

We start by looking for the Vlasov equation solution for the 0™ order :
0, f0atV.-Vifoutdy Vi [, =0

where the acceleration @, excludes the effect of fluctuating electric field :
50:%(3 /\EZ_VCPO)

We neglect the higher order terms. The Vlasov equation to the 1% order is:
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atfl(x+i;'V_Ffloc-'-c_iO'vT)fla:%V(pl'VT/fO

The homogeneous part of this equation on the perturbation [, (left hand side) is

identical to Vlasov equation to the 0" order (it depends on @, the particle

acceleration with no perturbation). We can identify this homogeneous part as the
particle derivative along solutions of the unperturbed equation (to the 0™ order). we

will note this derivative d,, .
The right hand side can be considered as a source term for the differential
equation :

dOtfla:%vcpl‘vT/fO

The solution of this differential equation over time, along unperturbed trajectories,
with the initial stable condition

fl(x_)o

13—
is :

fm( :f 1(70(2)).V;f0(70(?),\70(?),?) (1.3)

where ro(t) and vo( ) are the positions and velocities of the unperturbed

particle trajectories.
We first have to evaluate the particle trajectory with no perturbation (0™ order).

This trajectory is necessary to evaluate f,, intermsof @1 .

1.e Poisson equation and dielectric function
We can deduce from f,, the density perturbation 7n,, :
m (7. 0)=[ dv £ (F,7,10)

The system is closed by the Poisson equation.
Applied in the spatial Fourier space, to the 1% order, the equation has the form :

2 A 1 A
K¢ =g 2. daltia
This condition is written equivalently, in the form of the cancellation of the dielectric
function:

e(f,0)=1-) delie (1.4)

For the electrostatic wave, the electric field is parallel to the wave vector E'H% :
This relation introduces for each species ¢ , the parallel susceptibility Xj« :
—qa n;oc
2 A
ok @
For the 1% order development, n,, is proportional to ¥ : the parallel
susceptibility is independent on the amplitude of the perturbation. It only depends on

Linear kinetic model 5



its wave vector % and its frequency @ .
The equation on the dielectric function makes it possible to»establish the mode
dispersion relation, the relationship between the wave vector f and the pulsation
w .
Actual frequency and growth rate
The 1 order density 7,, calculation may introduce an imaginary part for the

dielectric function. In order to solve the complex equation e(ié,oo)zo , a 2 step
approximation might be useful.
The approximated real part of the frequency Wz is obtained by solving :

R[e(k,m,)]=0 (1.5)
The growth rate of the instability ¥ is obtained using the resonant approximation :
Y verifies :
E(ié W,+iy)=0
By carrying out a 1* series expansion around ©: , this equation is :
R[e(k,wp)]+iyo, Rle(k, wy)]+iI[e(k, 0,)]-y0,I[e(k, 0,)]=0
The Y expression is deduced from the imaginary part of this equation.

—_ _S[e(%: U’R)]
Yo R[e(F.0y)]

(1.6)

The last term of the former expression, —vy ams[e(/?,%)] , IS not necessarily

zero : the result obtained is only an approximation of the solution. It will be valid if
this term is negligible compared to the others.

1.2 Drift wave kinetic model

2.a The 0" order species distribution function

The geometry is slab, corresponding of local description of a toroidal plasma.

The magnetic field curvature and gradient are taken into account via the drift they
imply particles.

The description uses a Cartesian frame of reference.

The magnetic field is constant and uniform along the direction €, , B_ :

B=B_é.
The species density gradient %na and the temperature gradient §Ta are

along the direction €, :
Vn,=d,n,(x)é,
VT,=d.T,(x)é,
The density n, and the temperature T, are uniform along the other 2 directions.

Particle motion invariants
For this system, the Lagrangian is given by:
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L(?,?)Z%mav%qav.z

where the vector potential A (in a specific gauge) takes the form :

-

A=xB.e
z¥y
As the Lagrangian is independent of time, the energy (the Hamiltonian) is
conserved:

H:\'/'.V;L—L=§.(ma§+qa2)—L:%mav2
The energy is only the kinetic energy: the velocity modulus is conserved.
Since the Lagrangian is independent of particle coordinates x and y , the

conjugate moments are preserved:
pyzava:mavﬁanzx
pZ:aV:L:vaZ
The moment p. conservation induces the velocity along the magnetic field is

conserved (no force is applied on the particle in this direction). This implies that the
velocity perpendicular to the magnetic field v, is conserved :

v =Vvi+v)
The moment p, conservation can be considered in a different way by dividing it

by the constant g, B. : this reveals the invariant X , which is in fact the trajectory
guiding center position along €, :

by _ Vy

X:anz_H“’

(1.7)

ca

B
= is the cyclotron pulsation of the species . .

Initial distribution function

Thermodynamic equilibrium occurs quickly around a magnetic field line. But
because of magnetic confinement, equilibrium is slow to settle from one magnetic
field line to another. The behavior of the particles will not depend on their own
position, which varies over time, but on the position of their guiding center, X
which is an invariant of the particle motion.

Due to other faster processes (ionization, drifts, etc.) which may appear, the axial
profiles of the density nga(X) and temperature Ta(X) are not deduced from the
equilibrium, but are constructed dynamically from all the processes: we consider
them as external data.

We note fga(X,ﬁ) the particle distribution function, expressed as a function of
the position of the guiding center :

where o, = &

2
—m.,v

[0}

3/2 —e
5 <x>) e X)) (18)

X V)=
S el X.7) 2wk, T,
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Around the guide center, the distribution of particle velocities is Maxwellian, with
temperature Ta(X) :

We assume the species density gradient lengths Lm:<a’xln(n(m)>_1 and for

the temperature L, =(d. ln(Tq)>_1 are large compared to the Larmor radius (i.e.
the gradients are weak):
pca <<Lna et pca <<LTOL

The distribution function fa(x,H) as a function of the particle position is
calculated from the distribution function distribution as a function of the position of

the particle guiding center position Y =y+ (:;y

— 1% —
f()(x(x’ V>:fgoc('x’.+(l)—cya’v)

The value is approximated by a perturbative expansion on the distribution function
depending on the position of the guiding center. The particle distribution function as a
function of the position of the particle is written:

f(m(x,9)=fga(x,§)+mv—;8)(fga(x,§) (1.9)

The relationship between both distribution functions depends on the density and
temperature gradients:

lm V2 3
2 o -

_2 (1.10)
kBTa 2 fg(x(x:v)

a)c](g(x(‘x’;;): dX1n<ngoc)+Xmn(Tot)

Because of these gradients, the particle distribution function is no longer
Maxwellian.
Particle density
The O species density is :

3>
nOa(x):fd VfOoc('le)
or :
v
noo(X)= [ &V [ (x V)4 [ T, f o (x,7) G
Since the built-in function is antisymmetric in velocity component v, , the 2™
integrated term is zero.

The particle density is identical to the density profile given as a function of the
position of the guiding center:

Ny (X)=n,,(x) (1.11)

Average drift velocity

Even if each particle has a cyclotron motion with no drift, A collective plasma drift
appears when the each species O velocity is averaged locally.

The average velocity depends on the position.
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Voul )= [ &% fo,(x, H)

or:
1%

- 1 ~3 —y, 1 =3 -
Vil )= [ dVD £ (X F) 4 [ 4700, f (X )

0 co
Because the first integrated function is antisymmetric with respect to the velocity,
the first integrated term is zero.

Concerning the second term, the function inside the integration along €, et €, is
also antisymmetric. The remaining integration is:

1 2 2
- _ 1 2 MoV 3 N
<v0a(x)>_af dvy Xmn(ng(x)+Xmn(T(x) kB T(X _5 fgo.('x) V) M., ey
For a Maxwellian:
1 2 2
n—af dvyvyfazvm
and
1 4 4
n—af dv,v, f.=3vr,
we obtain for the average velocity:
- k T(x e
ORalx)=|d In(n,)+dy In(T )| 2548,
This velocity can be considered at the mesoscopic fluid scale.
The pressure for the species O is:
P(x:n00c kBT(x
The pressure gradient is then :
VPOL:nOOLkB T(x(Xmn(HOa)-'-Xmn(Ta))é:c
The drift velocity is only a function of the pressure gradient :
-V P, B (1.12)

<§Oa< )>_

This velocity, defined from the pressure gradient, is the diamagnetic drift for the
species O . Unlike other drifts ( EO/\B or VB/\B ), this drift does not concern
the guiding center, but appears as a collective effect.

The sign depends on the species charge sign: the ion and electron diamagnetic
drifts have opposite directions.

In the case of a density gradient, this drift is due to the fact that for a position of a
given particle position x , the number of particles with a positive velocity v, is
different from the number of particles having a negative velocity v, , since the
guiding center position X is different for positive and negative velocities v, and
since the guiding center density differs because of the density gradient.

qa”Oa B:
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Drifts specific to additional forces
Other forces along x can be taken into account :
the force from a uniform electric field £, or /', , the force analogous to the drift
due to the toroidal form of the magnetic field :
ﬁB:ma %Vi-l-v? RL(,é;
where R_ is the major radius of the torus.

The particle distribution function is then modified. These forces modify the
expression of the Hamiltonian for the guide centers:
—mavz (F8+anX0)X

X)e2kBT(,(X)e kT, (X)

3/2
n

fga(X’v)*:(Zrck:iI?O(X)

This modification should have an impact on the particle distribution in the direction

x . But as this direction is perpendicular to the magnetic field lines, this effect is
slow: we will assume that this effect is taken into account in the axial density and
temperature profiles.

These forces nevertheless have an effect on the trajectory of the particles around
the guiding center. The acceleration occurring in Vlasov equation to the 0™ order is
not only :

N P -
a,= . (v /\Bz)
but it also includes :

gal

50:%(3 /\B'Z+E*0X)+MLI~:B .

o o

The reference frame is changed using the following velocity with the relation :
V=U+V, o+,
The additional velocities are the drift velocities associated with these forces in the
direction perpendicular to the magnetic field and the electric field éy :
- _E_:)x/\éz_ _EOx -
Vo= 5 = 5 e,
and

FnB._—F, -
g B> q.B.77

a

-

vB(X:
We note the sum of these drift velocities, v, :
i;Eo-i-i;FB:vf(xéby
with :

In the moving frame, even if it is in uniform motion with respect to the laboratory
frame, the acceleration is modified because of the dependence of the Lorentz force
on the velocity.
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In this frame, the acceleration is:

50:%(50A§z)

a

In the repository associated with #, , The guiding center distribution is the same
exposed for the case without additional forces.

Relative to the laboratory reference frame, the distribution according to the position
of the guide centers is deduced:

—a vi+(vy—vfa)2+vi]

3/2
anBTa(X)) el

[l X,7)=

For the approximation to be \Lalid,_’it is necessary that the variations in potential
energy specific to the force ¢, £ +F , on the scale of the Larmor radius are small

compared to the thermal energy. In this case, the drift velocity v,, specific to
these forces, is small compared to the species thermal velocity v, :

E+F
qot 0 cha:|vfa| <<1
kpT, Vi
In this frame, the (invariant) particle guiding center position X is:
__ P VyTVra
A= b=, (1.14)

The o particle distribution function is deduced from the guiding center
distribution:

Foalx H)= g 2,940 foo(x, ) L2 (1.15)
with:
1 2 2. 2
0. f palx.9)= |y, J+d In(T )| S 3 f eulx.7)

Each species particle density has the same expression as the particle guiding
center position:
nOa(x):nga(x)
and the particle drift velocity is:

__EOx FB

Yre= B T q.B.

z

Concerning the drift velocities, E/\E drift and ﬁBAE drift are added to the

diamagnetic drift.
The species average velocity is:

. VPAB. E,NB. F,AB.
(Voul(x))=— P 0“32 + qB > (1.16)
a0tz atz

z
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2.b The 0™ order particle trajectory
In the moving reference frame associated with i, velocity, shifted from drift
velocities due to external forces:
V0:ﬁo+vmé’y
the particle acceleration is:
670:3,[_(;(1/_[0/\82)

In this reference frame, the particle motion is a cyclotron motion ( ¢; is the initial
time, ¢ is the current time):

qu(t):”M Cos[wca(t_ti)+w0]
u, (t)=uy, sin[o, (1=1;)+ ;]
uz<i) — Uy,
where u,, is the velocity perpendicular to the magnetic field :
uOJ_:\/uéx-i-u(z)y
Yy is the cyclotron perpendicular velocity phase at the initial time ¢ .
Back in the laboratory reference frame, the particle velocity components are:

vx(t)—u(ucos[ ca(t_ti)-i-wo]
y(t)_uOJ_SIH (t_ti>+w0]+vf(x
z(t) VOZ

The diamagnetic drift does not play a role here, because it is a collective effect
which does not affect the particle individual trajectories.

The particle perpendicular velocity u,, is:

_ ]2 2
uOJ__\/VOx+(VOy_vf0L)
The particle position in the laboratory reference frame is calculated from the
particle velocity components:

xo(t) =g [sin [, (1=, +1, ] —sin | +x(z,) (1.17)
yO(t): UOCJ(; _Cos[wca(t_ti)+w0]+cosw0}+vfoc(t_ti)+y(ti) (118)
ZO(t)ZVOZ(t_ti)+ZO(ti) (1.19)

The expression of the particle trajectory will be necessary to evaluate the
perturbed distribution function.

2.c The 1° order species distribution function

Integration following undisturbed trajectories

As seen above, the perturbed distribution function is calculated by the integral of
the 1° order electric field, along the unperturbed particle trajectories:
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Fral R0 930,002 d 2N g [, ()] Vo o [7y(0), (7). 1

To simplify the calculations, we only consider the case of a uniform temperature
profile for each species:

T.(x)=T,
The temperature gradients are equal to zero :
dy ln(T O():O
The expression of the distribution at the 0" order is simplified :

V. —V
fOoc: 1+dx1n(n00c) y(l)cafa fgoc
with
302 e (P=V =T )
-\ m(l 2kBTu EOQ Ba
fga(X’v)_ 2TCkBTa nga(X)e
The distribution gradient for velocity is :
~ 1 My (- -
V?}fOoc: dxln<n0(x) W, ey_kBTa(V_vfocey) fO(x
The source term for the 1% order Vlasov equation is for a Fourier mode (&, ) :
v k, m, 7 (- -
V V fO_l d ln<n0a) kBT(x k'<v_vfaey) fOoccpl
or
= = : Al ~ (k. F-wt
VCPI'VVfO:[Zky(vnoc-l-vf(x)_lk‘V}VTfOoccplel( Y )
tho
the species diamagnetic velocity with no temperature gradient is:
k,T,
Vna:dX ln(nOOL) qz B_, (1 20)
The diamagnetic drift is added to the drifts due to external forces:
vda:vna-l-vfoc (121)

This source term must be mtegrated along the particle unperturbed trajectories
(position 7,(7) , velocity vo( )=d. ro( ) ).
These trajectories satisfy Vlasov equation:

dlf0a<70"70;t)20
This implies:
dt[foa(ﬁlei(k'r_wt)]:i<%-‘70_00)fo(xqslei(k'r_wt)
The source term is:
m ~ i(k.F—wt
Vo,.V;f,= [lk Vo~ lw— d}ﬁfoacplel( 7—wt)

This expression is introduced into the expression of the distribution at the 1 order:
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FralFol0). 30, 0)= [ difik vy —io—d;]
The expression is integrated by part:

Fral7olt), ¥o(t) 2)= —[Hmda [ i GO0l g0 oo

k

Phase integration along particle trajectories
The phase integration is done along the unperturbed trajectories:

t):fl d?ei[ié.(70(?)—77:)“))—(0(?_1«)]

k, and 0 are the wave number and the polar angle of the wave vector k in
the plan (ex,ey) perpendicular to the magnetic field:

ié:kL cosOe +k sinbe +k_ e,
The particle unperturbed trajectory is:

xo(£)= 522 [sin [, (1—1,)+1p, ] —sin g +x(z,)
y0<t):%{_COS[(Dc(x(t_ti)+w0]+cosw0}+vf(x(t_ti)+y(ti)

ZO(t)ZVOZ(t_ti)+ZO<ti)
the first term of the integrated phase is:

75.(170(?)—70(1‘)):]{ “Lsin| [, (F =)+ +0]—sin (W, +0) |+ k v . (t'—t)+k_v, (i—t)
The integrated phase is:

k()L 1

0 z[w—a{sm[ mr+1p0+e]—sin(1po+e)]+kvv,.at+kzv021:
:f_wdre ‘ o

This phase oscillates at the particle gyration frequency around the guiding center.
We use the property of the sine function phase decomposition in a sum on the
harmonics weighted by the 1% Bessel functions J,

eizsinez i J (Z)einﬁ
n

We apply this transformation to the 2 phases containing sinuses:

Z[M sin(w,, T+, +0)

_ S ki, | in(o,,t+1,+0)
€ - Z Jn W,q
n=—aoo
kiug, .
—i[ o) sm(lpo+6) I k. u —ii(w.+0
e ca — Z Jﬁ (t)csl e (py+6)
n=—ow

By applying these 2 transformations, the phases are linear functions of T :

= av 3,

n,n'=—o

kiuy, ki uy,

w

co

[(n—n' +0) inw. +k, v, tk.v.,—0|T
Sl gr0) ok, v, |

The integration on T is possible:
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kiuy,
w

ca

" J (kLMOL )J
n (G
ol)= 2 —
n,hi=—o l(nwca+kyvdea+kszz_w)
The result introduces a denominator. This denominator is equal to zero if the
movement of the particle parallel to the magnetic field is resonant with the wave. This
singularity will be treated later.

The distribution function at the 1° order expression is:

o' 1) (1 +6)

i

ro g ki”OL)J (kLMOJ. ei(”_ﬁ)(%"'ﬁ) q
n [V n .
—_ + _ ca ca o A 1-22
fla 1 ((D kyvda)n ’;_OO n(’oc(l+kyvf(x+k2v02_0‘) kBTa fOoccpl ( )

2.d The 1° order species density

The dispersion relation is obtained by closing the problem with the Poisson
equation which involves the density of the species O :

- n
e(k,w)=1-)_ qazlf‘ =0
* g k@,
The density fluctuations are the integration of the distribution function on the
velocity:

ma(Fot)=] & [ (F.,0)
f 1. expression depends on f,, : to simplify the calculations we neglect the

effect of the density gradient in the expression de f,, : we use the expression of
the distribution function attached to the particle guiding center positions: for the
calculation of the density at the 0™ order, the correction by the density gradient did
not change the result. We will assume that this effect at the 1 order is only marginal:

—my 2 2
[MOL"'VJ

3/2 2%, T,

= nOa(x)e

foalx, V)N(WZTG

Since f,, and f,, as velocity functions are expressed in the cylindrical
coordinates of the velocity (in the moving reference frame), The distribution function
will be integrated on the velocity with these cylindrical coordinates (uL P, VZ) :

+00 0 27
nloc<?’t):,[_oo deZJ-O duy, uy, ,[0 dIPofla(7’“0¢"Po’Vz)

Integration on the velocity phase Vo
Since f, isindependentof Wy , the integration on Wy is quite simple :

Rl enml

nw. +k,v,tk vy, —w kT,

kuy,
w

ca

n O J
J‘(z) Ay f 1o =—|1+(0—k,v,,) Z -

n,n=—oo

f()(xcﬁl

As :
2n .
Va;tO J-O dwoelml)o:

the integration on Wo of the factors ei(”_’ﬂ(%*e) present in the expression of
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f 1. , are equal to zero for the non-diagonal terms of the summations on n and
n' (i.e. n#n' ).

The summation is reduced to the diagonal terms ( n=n ), for which the
expression does not depend on W, . The integration on the phase Yo is

simplified :

N J2 kjug,
fzndlpof1 =—2n 1+((D_k Vi ) ZOO 1L B Sfoa P
0 ¢ roe n=—ow nwcoc-l-kyvfot-'-kzvo —w k T ¢

Perpendicular velocity u,, and finite Larmor radius P«

The expression of [, to be able to integrate on u,, :

f: duy, ug, fzndll’ofla:

—u’ 2
1 -y’

ZVT k MOL
f duy, u,, e J

a ) nO(x(x)q(x eZVZT“ A

J— + J—
1 ((U kyvd(x) Z nwca+kyvfu+kzv02_w kBTa /2nvracpl

The integration on u, involves modified Bessel functions In(r) who are defined
for »r>0 , from first type Bessel functions Jn(x) :
e’ In(r2)=_f0 we "% J2(xu)du
We also introduce the average Larmor radius Pecria
velocity:

calculated from the thermal

(1.23)

_ vTa
cha_ (V3

The expression for the integration of [, is:

N e 1 (ki ch(x) 2vr

n '(X>Qa e “ A
1+(w—Fk v he —
( Y do‘)nzz_“oonwm+kyvfa+kzv02 ol| kT, \/23'EVTa !

00 21
fo duOJ_MOJ_J‘O dy f,=—
We further simplify the expression by introducing the function An(r) pour =0

A (x%)=e > T (%) (1.24)

the integral is :

f: duy, uy, f(z)ndll)ofm:

nOa(x)QOc e k A

kBToc V2@V, i

o0 2
cha)

1+ (D k yVda Z no, +k, v, +k v, —

Parallel velocity v,. and wave-particle resonance

The integration on v, is improper: the expression shows a real pole by the

denominator nw,,+k v, +k.v.—wT . This denominator is equal to zero for
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particles whose velocity along the magnetic field is in resonance with the wave.
The integration on v, is proper, if the real axis is replaced by the contour I
which follows the real axis [—o0,0]| except near the pole :

sziz(m'c—nwm—kyvfa) _

Vo
The contour goes around the pole from below (by the negative imaginary if the
pole is real): this makes it possible to guarantee causality. This prescription, known
as Landau prscription, was the result of a long debate.
The 1° order density fluctuation is expressed:

2
Vo

2
2Vrq

R k,Via
nla:_nozi);)ja P, 1+Q\)/2*T‘}d Z A ( J_ch(x)f deZ k Ve

tha, n=—o y o fa
In order to simplify the first term of the bracket, we used the property :

+00 1 2_:20Z
dv,,——e =1
Plasma dispersion function
The integration along the direction parallel to the magnetic field introduces the
plasma dispersion function Z(z) , as defined by Fried & Conte:

1
Z(Z):ﬁj‘r, dx ©

X—Zz

—k v,,—o

2
—X

(1.25)

2
- X

For S( )>0 , the contour can be the real axis:

d.
= e
For S( )<O the value is deduced by the residue theorem:
Z(z d. _ +2ivme ?
rf xx _tlivme

Forreal z ,the mtegratlon involves the Cauchy Principal Value:

2

2
—Zz

Z(z)= PV " ©

—®© X— Z
Another form of plasma dispersion function, W(z) , is also used:

_ 1 X X2
=T _fr dx ¢
Both functions correspond by the relation:
ZZ(Z)ZW(\/E z)—1

This function can also be related to other functions, such as the Faddeeva (or
Faddeyeva) function w(z) :

Z(z)=ivw w(z)
This is a modified form of the complex complementary error function erfc(z) :

IVTe
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w(z)=e % erfc(—iz)
We use the Fried & Conte definition Z(z) with the result parameter
w—nw,,—k v,

z=

2
and integration parameter
— vOz
T2,

giving the expression:

:f% fr dv,.

oo—n(x)ca+kyvfa)

noom+kyvfa+k Vy,— W

1.0
—— Re
Im
0.8

0.6

0.4

0.2 1

0.0

—0.2 1

T T T T T T T
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Figure 1: Plasma dispersion function

The density at the 1 order expression is:

- __nOoz(x)ch A (D k vda

nloc_ kBT(x (pl

A,

=—00

L cToc

0—nw,,—k,v,,
2 z

L ——

2.e Mode dispersion relation

Calculation of the dielectric function
The dielectric function is defined by the sum of the susceptibilities X«

E( w)zl_;XHa
with :
X”a Q(x’/zllix

gok” @,

Susceptibility is expressed using the 1% order density expression 7,

nOa(x)qi (,0 k Vdoc

e k’k, T,

w—nw,

V2

A,

X||oc:_

chToc

a_kyvf(x)]

(1.26)
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The expression shows the Debye length for the species O

Ap (X)ﬂ/gok—BT“ (1.27)
¢ nOa(x)Qic

The species susceptibility is expressed more directly :

—k v, &
+(\J/J§kaVd Z An(kipiT(x

Relation de dispersion
Poisson's equation is equivalent to canceling the dielectric function e(l—é oo)ZO :
1__2;)QW::O
The equation then establishes the dispersion relation of the mode :

1 0=k vV,
1+ 1+ 2 A
; Ehpe | V2|, 2 A,

_ -1
e

Z

V2 k.

vTcx n=-—00 vTcx

oo—nu)m—kyvfa)

W—nw,.,—k, v,

V21,

Z

2 2
k' Pz,

=0  (1.28)

VTO. n=—oo VTOL

2.f Phase between species density and potential

The expression for susceptibilities Xj« shows that they can have a non-zero
imaginary part. As the susceptibility is the ratio between the density of the species

and the potential, up to real constants, this physically corresponds to a phase shift
between the density and the potential.

If the argument of X|« is positive :
arg (X||(x)>0

The potential and the density complex amplitudes argument follow this order :
arg (n,)>arg(¢,)

Taking the temporal expression of these quantities :

0 (7 f)_Cﬁ ei(kyy+kzz—(1)t)

1 ’ ! ’

n <;; l‘):fll ei(k},y+k_,z—oot)
all > o

At the same position 7 , the mode potential (pl(?,t) will be ahead of density
nla(?’t) .

1.3 Application for a drift wave

3.a Equation for a drift wave in a toric plasma

Plasma is limited to 2 species: electrons ¢~ and argon ions A" . The dielectric
function is the sum :

E(k, (D)Zl_Xne(k: (D)_Xni(k: (D)
The drift velocity v, is the sum of the particle drifts :
Via=VpotVsa
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V. is the electric field drift, independent on the species:

__EOx—>
Veo="g €,

-

V.. is the magnetic field curvature and gradient drift; the averaged value is

The diamagnetic drift v, is:

- kgT, -
vna:Xmn(nOOL) tu

The drift velocity Vv, is the sum of the all drifts :
i;a’otszO-l-‘_;Boc-*-i;noc

The mode wave vector % have no component along €,
k =k,

The Poisson equation is:
1+ Z k2>1\‘2 +(D_ky(VE0+vBOL+vn(X) Z An(ki piTa Z

o=i,e Da 2 z

=0

((D_nwca_ky(VEO-i-vBa))
2 z

n=—o

Effect of large scale E O/\Ez drift
If we substitute ® with @ :

O=0—k vz
the equation is the same with no EOA Z%Z drift:

1+ Z kz}]\‘2 +(b_ky(VBa+Vna) i An(kipiTa)Z((I)_nwca_kvaa

a=i,e Da 2 2 T o

=0

zZl "Ta n=—oo
Since the E /\E drift is independent with the particles, it only has a Doppler
effect on the real frequency
The E /\B drift is next considered equal to O.

The effect is different for V5, since this drift varies for different species.

Mode wavelength and Larmor radius

The effect of perpendicular velocities depends on the comparison between the
average Larmor radius, Pc.r« , and the perturbation wavelength in the perpendicular

plan:
2m

)\.J_:E
Assuming the Larmor radius is small compared to the perturbation wavelength,
O.7¢ <A, |, non-zero order harmonics are neglected :
2 2
YV n#0, A k" p.r,)=0
The Poisson equation is written:
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1 G)_k’(vBoc-'-vn(x) 2 2
1+ Z =Yy 1+ \/ék v AO(kJ_cha)Z

o=i,e z

3.b Approximated solution for purely drift waves
We next neglect the magnetic field curvature and gradient drift:
Vy,=0
Negligible electron radius

The value of Ay at 0 corresponds to cases for which the Larmor radius is
negligeable

A,l0)=1
In the limit of the very small electron Larmor radius compared to the mode
wavelength, the effect of the Larmor radius will be completely neglected:

Ao(ki piTe)zl
The electron susceptibility is simplified:

(D_ky(vBe-'-vne) (D_kvae

V2lk, V2lk,

Electron plasma dispersion function approximation

The electron thermal velocity is large compared to the wave parallel phase
velocity:

w—k, v, <V2[k|v,,
the electrons marginally resonate with the wave. The plasma dispersion function
for electrons is limited to values near O:

Z(Z)Zjoivﬁ
The electron parallel susceptibility is simplified :

— ) w—k v,
1 [0
k }\'De 2 kz vTe
lon plasma dispersion function approximation

If the wave parallel phase velocity is large compared to the particle thermal
velocity, The plasma distribution function can be approximated by an asymptotic
expansion for z-=» oo

|m—nu)ca—ky V_,~a| >12 k|vg,
This limit generally applies to ions, slower than the wave phase velocity.
-1 1 :
Z(z) 3, —

1+ z
zZ> 0 z 2

For ions, as the ratio is less unbalanced, we will use a development limited to the
1st order:

-1

1+
K3,

Klle =

v v

Te Te

Klle ™

+ivite

2
z

Z(z)~_z—1+ime_

The ion parallel susceptibility expression is:
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2
_—w

(D—kvvm. . T w— k an 2k2v§-.
= | 1+A (k pcn)( —  ti ——yi e )

D

the dielectric function is written:

y —ne Yy oni

kA, |k |VT I gy ‘kz“’n

—_ 1 + 1 |:1_(D_ }an ] w— k v (k chz) w— k v 2/(22\1727
€_1+k27\2 22 ch \/; e
De Di

Drift wave frequency
To extract the real frequency of the mode, we solve:

Rle(k,w,)]=0

or:
1 1 R=K Vi 2 2 \|_

e [ Ao K 7] |=0

Using the relationship between the ion and electron diamagnetic drifts:
Ti

vni__?evne

The solution of the equation on Wz is:
— I Ao(ki prz)
Wr= yvne

T,
L+ (1= [k ol 472

We note that @z has the same sign as ky v,. . the drift wave propagates in the
same direction as the electron diamagnetic drift, with a slightly slower phase velocity.

Drift wave growth rate
The growth rate is calculated by the formula :
_S[E(i{;’ (“R)]
o, Rlelk,m,)]
The real part derivative of the dielectric function gives:

awm[e(%, (DR)]:_AO(kJ’chl)k v

y:

vy ni
242
k }\’Din

and the imaginary part of the dielectric function expression is:

2
Wp

~To(7 I @Ok Ve 1 T Rk Vi 2k
\S[E(kﬁwR)]:kzxz % T - +k27\2 Ao(kipiTz) % T - e2k '
De z Di z j

The growth rate is written after rearrangement of the factors:

2
Wpe

y= Wy ( W 1 1+2 Wy A(kzpin)ezkgv;
(k chl) KV T kv,
Since 0<A <l
0<—2k <1
vy Ve

the electron component of the growth rate (the first term in square brackets) is
destabilizing, while the ion component (the second term) is stabilizing.
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. . 2 2.2 . .
Because of the exponential , w/2k:vi | the ion component is generally much

lower in absolute value: the electronic component dominates, the ion component is
neglected.

Using the expression of @z :

T
I
1 T.

1

1= A K202 [+,

3

e kivie 2 2
Y:\/gkz—vl\o(kchTi)

Te

1+%( 1 _Ao(kipin))"'kz Mo

3.c Back to the fluid model

Small ion Larmor radius
To find the formula obtained by the fluid model, we consider the average ion
Larmor radius is small compared to the perpendicular wavelength ( ki piﬁ <1 ):
2 2 2 2
AO(kychi)Nl_kychi
and neglecting the Debye length with respect to the mode wavelength:

<1
the frequency is written:
_ 1— ki p?Ti
Wp= ky vV,

1+Tjkipin
we introduce Pens is the Larmor radius evaluated with the ion mass and the
electron velocity, as the ion acoustic wave velocity ¢, =k, T ,/m, :

C Te
pcs: ®,.; — chTi

The frequency is simplified:

_ 1
U)R—kyvneihkipiﬁ

The growth rate is simplified :

y=/E ko vae K3 (Plnt02)
2Mkdve (14202 )
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Annex : The Landau Damping

Landau damping is a resonance effect between an electrostatic wave and the
electrons. It has the effect of damping or amplifying the wave and distorting the
electron velocity distribution.

Landau damping is the most emblematic purely kinetic phenomenon in plasma
physics: it is not accessible by fluid models.

It plays an important role in the development of electrostatic instabilities in
plasmas.

The phenomenon was discovered by L. Landau in 1945 (J. of Phys. 1946). It is
one of the most discussed phenomena in classical physics since.

Kinetic phenomenon: Landau damping

Landau damping describes the damping of an electrostatic wave by the plasma
electrons.

E -

z /\ ch
N
V e \ I/Te ; z

For this damping, collisions are neglected: there is no dissipation.

The effect is described by the interaction of an electrostatic (longitudinal) wave
with a density electron distribution 7, .

The electric field is a Fourier mono-mode :

E(z,t)=Ecos(kz—wt)

Since the force applied on the electron is oscillating, its effect will be on average
zero, except for electrons whose longitudinal speed u, is infinitely close to the wave
phase velocity

ve=wlk ,
through a wave-particle resonance effect.

The electrons that are very slightly slower than the wave are accelerated on
average. Very slightly faster electrons will on average be slowed down.

The energy gain or loss over the entire distribution depends on the population
difference between the slightly faster and the slightly slower electrons. The energy
balance will depend on the derivative of the longitudinal velocity distribution of the

electrons, f for the wave phase velocity.

Perturbative expansion
The following arguments are not a model, but an interpretation of the
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phenomenon.
The wave is a longitudinal electrostatic wave:
E”(Z,t):E||OCOS(k“Z_(Dt)
A charged particle moves in the same direction:
z(0)=z,

The particle motion equation in this field is :

z

—q,
a||:7E”0COS(kHZ(l’>_(Dt)

This equation has no analytical solution. We will assume the amplitude of the wave
is sufficiently low to carry out a perturbative expansion.

T T

ZI= 2tz t-

Electron perturbed motion
The 0™ order corresponds to the electron motion unperturbed by the wave
zo(t)zzl.+u“0t
UZ:MHO
The acceleration at the 1% order is estimated from the motion at the Oth order:

__4.
aHl—?e EHOCOS (k” Zi+k||1/lzt_(l)t)

The expression shows @ the wave frequency observed in the reference frame of
the unperturbed electron:

(I):(D_k”uz
The solution for the velocity term at the 1* order ( v, (0)=0 ) :
q, sin (kz,—®¢)—sin(k, z,)

u :_ A
=, o &

cos(k z,—0t)—cos(kz;) tsin(kz,)
o A2
®

q.
zn=—"F
=7, Elo e

Energy transfer and velocity distribution

One particle energy transfer

The electron energy time derivative is equal to the electric force power on the
electron:

d . _
g E=—auky

We use the expansion up to the perturbation 2™ order:
u||EH:(MHO-'-MHI)E||(ZO+Zl’t)

u||EH=(uH0+u”1) E|(zo,t)+a%E”(zo, t)z,
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d

EECZ_Qe iEH<ZO’t)Zl+u||1EH(ZOJt)

oz

The energy transfer is estimated by averaging this effect over the electron velocity
and space distribution.

The electron wave initial phase is random: we average over all the electron initial
positions over a wavelength distance:

d — k|| 2alk d
iE=al

Linear terms in EHO are on average zero because of the oscillating factor.
Only certain quadratic terms will remain, typically those of the form ( i=1,2 ):

uHOEH(ZO’ l‘)+u”0

%[cos(d)t)+cos(2k|| Zl.—d)t)}

The time derivative of the energy averaged over the initial phase simplifies to:
2
d _
a b 2 E”O
Dlstrlbutlon-averaged energy transfer

The energy time derivative is averaged over the initial phase:
2

d _
ZEC 2 E”O

The cases for WhICh @ is close 0 dominate: they correspond to a resonance
effect between the wave and the electron. This average remains finite when ®=>0 .

We now average over the electron velocity distribution we assume to be
homogeneous:

fe(u_l’ ”z)

The normalized distribution in the parallel direction is:

1
f|| H f u,,u d u,
The electron energy per unit volume is defined:

S=[f] E.f.i, u)d i, du,

Its time derivative is then expressed:

S fﬂ Ef i u)d i du,

Sin(k||Zi_(bt)Sin(k||Zi):

D sin(t)—— (Ot)+tcos(t)

D sin(t)—— (Ot)+tcos(t)

or:

d d =
ESc:neOJ. —E S (u,)du

d A N
ESC:neO 2 Euo Lsin () — (wt)+tcos(wt)]f||(uz)duz
Since the factor in square brackets can be considered as a derivative:
. oA . . wsin(wz A
2 Sin 1)~ 2L cos (o) +1cos (1) =— 08 i (6r0)
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A

orsince W=W—ku, :

wsin(mt)

U = —sin (0 ¢)

N ~\_1 5
= cos(wt)+tcos(mt)—k—|auz
The expression can be integrated by parts:

d o _ Q§”eoEﬁo '
E cT 2mekH Jlul f ||(uz)duz
As t=>o0 , for frequencies m>>1/¢ , the integration will decrease rapidly
because of the oscillating factor: the resonant frequency m~0 will dominate:
This corresponds to:

%sin(d)t)—

wSinA(wt)—sin((I)t)
()]

For ®~0 , the velocity distribution varies slowly around the resonance. We
consider :

Filu) ~om frlol k)

In the brackets m , the 1! term dominates over the 2"

—sin(O¢)

2 2

n, L, o i

iS :_qe el ||20 ,H - ISIH(x>dx
with the variable substitution:

The electron energy gain per unit volume time derivative becomes :
iS :_JTQE"eOEﬁoUJ r [0
dt ¢ 2meknz ”(k)

For times longer than the wave frequency, the energy transfer becomes

independent of time.

Energy and and distribution derivative

P
Slow electrons
accelerating
Fast electrons
decelerating
wlk Y
f (a)
w/k Yl

(b)
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The energy transfer sign depends on the electron parallel velocity distribution
derivative, for the wave phase velocity.

For a Maxwellian distribution :

2
—meuH

m,  2k,T.
f|<u”):\/2nkBTee B

Its derivative is:

" 3 meuH
' — _u” e 2 2kBTe
u,)= e

Sy = KT

The derivative is negative everywhere: the electrons gain energy; the wave is
damped.

When the velocity distribution is not Maxwellian (or simply decentered because of
a drift velocity) and presents velocity range where the velocity distribution derivative
is positive, the electrons will transmit their energy to the wave: electrostatic instability
may appear spontaneously.

The interaction between the wave and the distribution of electrons has the effect of
distorting the velocity distribution of the electron.
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